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Mineralized Collagen Fibrils: A Mechanical Model with a Staggered
Arrangement of Mineral Particles
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ABSTRACT Both elastic modulus and fracture stress are known to increase with the amount of mineral deposited within
collagen fibrils. Current mechanical models of mineralized fibrils, where mineral platelets are arranged in parallel arrays,
reproduce the first effect but fail to predict an increase in fracture stress. Here, we propose a model with a staggered array
of platelets that is in better agreement with results on molecular packing in collagen fibrils and that accounts for an increase
of both elastic modulus and fracture stress with the amount of mineral in the fibril. Finally, we explore the dependence of the
mechanical properties within the model, when the degree of mineralization and the thickness of the platelets as well as their
distance varies.

INTRODUCTION

Bone is a hierarchically structured material with mechanicathis level of description, it is not sufficient to consider a
properties depending on its architecture at all levels ofocal mineral density but necessary explicitly to take into
hierarchy (Carter and Hayes, 1977; Currey, 1984; Weineaccount the size, orientation, and local arrangement of the
and Wagner, 1998; Rho et al., 1998). The trabecular archimineral particles in the collagen matrix.
tecture, e.g., in the cancellous bone of vertebrae, strongly It is obvious that the stiffness and fracture strain of bone
influences the stability of the structure. At a lower level of tissue depend on the amount of mineral deposited in the
hierarchy, one has to consider the lamellar structure of theollagen matrix. From a simple rule of mixture, one expects
bone matrix, which renders the mechanical properties suchn increase in stiffness (but also brittleness) with increasing
as fracture toughness and elastic constants of bone emineral density (Currey, 1969, 1984, 1990). At the level of
tremely anisotropic. Finally, at the lowest level of hierarchy, individual fibrils, the mechanical properties will also de-
bone matrix consists of mineralized collagen fibrils. Cal-pend on the precise arrangement of the crystals within the
cium phosphate (hydroxyapatite) nanocrystals are embedibrils (Weiner and Wagner, 1998; Rho et al., 1998). Given
ded into the collagen fibrils increasing their stiffness butthe small diameter of these fibrils in the order of 200 nm
decreasing their fracture strain. Because mineralized fibril§Parry and Craig, 1980), it is, at present, impossible to
are the elementary unit of the complex bone structure, it i$solate individual mineralized fibrils to perform mechanical
important to understand how their mechanical propertiegxperiments. A fairly close approximation, however, is the
depend on the amount of mineral particles and their arrangemineralized turkey leg tendon (MTLT). In this structure,
ment within the fibrils. collagen fibrils are arranged in a parallel fashion, and they
Mechanical models for bone have been studied for manygan be found with a varying degree of mineralization de-
years. In particular, the influence of bone mass distributiorpending on the age of the animal. For instance, Landis et al.
in cancellous bone, which mainly results from the trabecula(1995) presented a systematical investigation of the me-
architecture, can be predicted fairly accurately using finitechanical properties of MTLTs at varying degrees of miner-
element calculations (Huiskes and Hollister, 1993; Petteralization, and of bone. Thus, one common source of exper-
mann et al., 1997). In such calculations, however, bonémental scatter was eliminated by referring, as far as
matrix is usually approximated as an isotropic material, angossible, to the same material. Their results are summarized
anisotropic mechanical properties result from a preferredn Table 1. One interesting feature of this measurement is
orientation of the trabeculae in cancellous bone (Kabel ethe very low value of Landis et al.’s Young's modulus as
al., 1999). Only recently, efforts were undertaken to includecompared to values from other sources (Abe et al., 1996).
lower hierarchical levels and, in particular, the fibrillar Nevertheless, it is clear that the apparent Young’s modulus,
nature of the bone matrix into mechanical models (Sasaki €t (for definition, see Fig. 1), increases enormously with the
al., 1991; Wagner and Weiner, 1992; Akiva et al., 1998). Atamount of mineral deposited in the collagen structure (up to
a factor of 400!), however, at the cost of a decrease of
fracture straing,,,,, by a factor of up to 30. At the same
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TABLE 1 Values of mechanical data 4

Typical Values* .

Type of Tissue Collagen Min. Tendon Bone S slope E —_—

Degree of mineralizatiod® 0 0.15 0.40-0.45
Young’s modulus [MPa] 50 400-700 10000-20000
E’, relative to collagen 8-15 200-400
Maximum elastic strain [%)] 35 6-8 0.5-1.0
¢', relative to collagen 0.15-0.25 0.015-0.03
Maximum elastic stress [MPa] 20 30-40 100
J’, relative to collagen 1.5-2.0 5

Special Valueb

Type of Tissue Deer Antler Whale Bulla ( )Y -
Degree of mineralizatiod 0.38 0.72 €max €
Young’s modulus [MPa] 7400 31300 ) )
E', relative to collagen 150 630 FIGURE 1 Sche_zmanc of the stres_s—strarm(srsuw) curve of collggen.
- The slope of the linear part is considered to represent the elastic modulus

:Taken from Landis et al. (1995). of the collagen molecules. The maximum strajp,, and the maximum
Taken from Currey (1984). stress (loady,,,, are defined as the limits of the linearly elastic regime.

Petruska, 1963; Veis and Sabsay, 1987). A sketch of this
structure is shown in Fig. & Because the length of the

molecule (close to 300 nm) is not an integer multiple of the
axial period (67 nm), the staggering leads to gaps in the
Cstructure. In fact, gap regions and overlap regions are ar-
ranged in a periodic fashion along the fibril, where the gap

1996), it is important for any mechanical model of miner-
alized collagen fibrils to reproduce the effect of mineraliza-
tion on all three quantities, &4, aNd Tpax

In this paper, we further develop previous models for the
mechanical properties of mineralized collagen fibrils (Wag-
ner and Weiner, 1992) by introducing a staggered arrange
ment of mineral particles in agreement with the distribution
of gaps in the collagen fibril (Veis and Sabsay, 1987; Landis
et al., 1993; Hulmes et al., 1995). We derive approximate
elastic constants and their dependence on the degree of
mineralization and also estimate the maximum stress and g,
strain of the composite. In particular, we show that, in terms nm
of mechanical performance, a staggered arrangement of — —|I\('1}
mineral particles is by far superior to a strictly parallel '
arrangement.

lh |||||ﬁ|||| |||T||
- ||H”H
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i
il i

Collagen parallel-serial staggered

A COMPARISON OF DIFFERENT MODELS OF
MINERAL ARRANGEMENTS

In a typical bone remodeling event, the collagen matrix is
deposited first and then thin mineral particles are nucleated

without a change in the overall volume, essentially by the

replacement of water (Glimcher, 1987; Posner, 1987). This ® = 0 0.40 0.40 0.40

implies structural constraints for the arrangement of the E = 1 2.40 7.25 59.0

mineral particles inside a collagen fibril, which have to be ™~ 1 g'gg g;g gg‘{;’

considered for the mechanical model of the mineralized °™ ' ' '

fiboril. FIGURE 2 Comparison of two-dimensional models of mineral platelets

in a collagen matrix.a, the Hodge—Petruska scheme of unmineralized
. . collagen;p—d, different possibilities of the arrangement of mineral crystals.
Structural considerations Arrows R andL denote the radial and longitudinal coordinate with respect

Collagen fibrils are well known to be assemblies of arallelto the arrangement shown in Fig. 3. The table shows the degree of
g 1on w w : P mineralization®, the elastic modulug’, the maximum strains/,,,,, and

collagen molecules arranged with a longitudinal staggethe maximum stresss.,,, for the arrangement above. All (primed) values
according to the Hodge—Petruska scheme (Hodge andte relative to the respective values of unmineralized collagen.
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regions occupy roughly 60% and the overlap regions 40%hickness (3 nm) and for the overall mineral volume fraction
of the axial periods. It is generally believed that mineral(® = 0.40). This implies that the mineral volume fraction in
particles are nucleated primarily inside the gap region of thehe gap is 0.40/0.6= 0.67, which is beyond the maximum
fibril where nucleation sites could be present and whergossible value (Eq. 3). Hence, at this degree of mineraliza-
more space is available since one-fifth of the collagertion the particles must extend into the overlap region.
molecules are missing. In a later stage, however, the mineral In Fig. 2c the crystals are assumed to grow into the
particles extend into the overlap region. These particles areverlap region to allow a reasonable mineral volume frac-
typically very flat (one dimension in the order of 2—4 nm tion of 0.45 in the gap region. The length of the crystals
(Fratzl et al., 1992, 1996; Weiner and Wagner, 1998) ananust then be about 60 nm and extend over most of the
elongated (the longest dimension may reaeh00 nm) overlap region as well. The result is that the mineral density
(Arsenault and Grynpas, 1988; Landis, 1995; Landis et al.is practically the same in the gap and overlap region, which
1996). This longest dimension is typically found to beis clearly in contradiction to electron microscopy results
oriented parallel to the collagen molecules in the fibrils. (Glimcher, 1987; Landis et al., 1993; Weiner and Wagner,
Starting from the idea that the amount of mineral that carlLl998) on single mineralized fibrils as well as to x-ray (Fratzl
be deposited in the fibrils is limited by the amount of wateret al., 1993) and neutron scattering (White et al., 1977) data.
in the unmineralized matrix that may be replaced by min- Fig. 2d presents an arrangement where the crystals are
eral, a number of constraints may be derived. Indeed, Leesven longer <100 nm) but arranged in a staggered fashion.
(1987) has shown that the lateral spacing of the collageiVith the same overall mineral fractiah = 0.40, we get the
molecules (i.e., the typical spacing in the direction denoted/alues® ey, ~ 0.25 and®,,, ~ 0.50, which are not in
by R in Fig. 2) decreases both on drying and on mineral-contradiction to Eqgs. 1-4. Moreover, the mineral content is
ization, the smallest spacing beindg, = 1.1 nm in fully  higher in the gap than in the overlap region. Of course, Fig.
dry collagen. The values for wet bone matrix akg,, = 2 is only a 2-dimensional representation of the structure. A
1.55 nm and for tibial,,.. = 1.25 nm. Changes in the axial sketch for a possible 3-dimensional structure is given in Fig.
period are also found but are much less dramatic (Fratzl 3. This is based on the proposal by Hulmes et al. (1995) that
al., 1993) so that they need not be considered here. Hencthe gaps in the collagen fibril are arranged in concentric
the largest possible volume fraction that may be incorpochannels around the fibril core. For the rest of this paper,
rated into the overlap zone of the fibril corresponds to  however, we stay within the two-dimensional description of

Fig. 2.
q)overlap< 1- (ddry/dwet)2 ~ 0.50. (1) 9

A more likely estimate for bone is obtained using the actuajyechanical considerations

spacing measured in compact bone,
As shown schematically in Fig. 1, the stress versus strain

Doverap= 1 = (Gbonddwe)” =~ 0.35. (2)  curve of collagen is definitely nonlinear at the beginning

Because one-fifth of the molecules are missing in the gap, toe” and “heel” region) due 1o the inherent kinks of the

somewhat larger amount of mineral can be stored in the gap

region,
-,
q)gap< 1- 0-8(ddry/dwet)2 ~ 0.60, (3 /\
as the upper possible limit, and ﬁ" R -
q)gapz 1- 0-8(dbone[dwet)2 ~ 0.48, (4)
as the most likely value in fully mineralized bone. Consid- Z
ering that~60% of each axial period is a gap region and the [0
rest overlap, we get from these values an average mineral Q gap
volume fraction in fibrils of® ~ 0.43 in fully mineralized j overlap
cortical bone andb = 0.56 as the upper possible limit. ] ﬁ
These values are in good agreement with ash weight mea- @) % gap
surements of mineral content in bone (Abe et al., 1996). In O 73

any model for the mineralized collagen fibril, Egs. 1-4 have
to serve as boundary conditions. w
Figure 2 shows several possible models for the deposition

of mineral CryStals in the fibrils. In Fig. B it I_S a§SL_‘med . FIGURE 3 Sketch of the 3D arrangement corresponding to the staggered
that the crystals only occupy the gaps. This limits theirsyycture given in Fig. 2. The model is based on a concentric structure of
length to about 40 nm. Typical values are assumed for thene collagen fibril as proposed by Hulmes et al. (1995).
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collagen fibrils and molecules (Vincent 1990; Misof et al.,

1997; Fratzl et al., 1997). Therefore, the gradient of the |:| |:| D |:|
central, more or less linear part of the curve, thought to D H D D |:|
represent the intrinsic properties of collagen molecules, is i |_| I

taken as the Young’'s modulus of pure, unmineralized col-
lagen. Because, in the following, we restrict ourselves to
purely elastic behavior, we define the maximum permitted
strain and stress as the values at which the actual curve

deviates significantly from the straight line drawn in Fig. 1. ,_CE)__/—— | A
In other words, we associate the strain and stress at “failure” L ®~L
not with the actual breaking point of the material, but with // 2 | af2
the limit of elastic behavior (this is the model of an ideal - b .
elastic brittle material). With increasing mineralization, the Y

L AS)

toe and heel parts of the curve tend to diminish, and, for
bone, cannot be found any more (Landis et al., 1995)

, , 1995). 7 i a2
For the two parallel-serial models (Fig. B,andc), the /®

Nl

elastic properties may be estimated using the Voigt—Reuss @

model discussed in the Appendix. Figure lawer half |

gives E', 0/,a0 and g/,.y for the models considered. All

primed values of mechanical properties are normalized to

the respective values of pure (unmineralized) collagen. BeFIGURE 4 Two adjacent elementary cells of the staggered model show-

cause the Young’s modulus of hydroxyapatite is larger thamg the regions of tensile (regiomsandB), and shear (region€ and D)

that of collagen by three orders of magnitude, the minerastresses separately. The dimensions of the mirleaatld, are indicated as

platelets are assumed to be infinitely stiff (rigid plateletwe” as the distances between themand b. The elementary cells are

model). The outstanding property of modelandc is that ~ SPoWn strained by an amouat

they are well able to yield an increasehn, but at the cost

of a proportional decrease af,,,. Moreover, o}, Can

never extend beyond the value of pure collagen (whicteell of original length [ + a)/2 is elongated by an amount

corresponds te,,,, = 1) because the overall possible load 4, and the resulting forcé is calculated on the basic

is limited by the layers of unmineralized collagen appearing(Symmetry) plane with are& = h(d + b) by superimposing

periodically along the fibril axis (Fig. & andc). Therefore, tensile and shear stresses in the volumes indicated. All the

the parallel-serial model cannot fully describe the propertieslimensions, I, etc.) are defined in Fig. 4. Ideal coherence

of mineralized collagen. The staggered arrangement, in coretween mineral platelets and collagen at their respective

trast, Fig. 2d, does not suffer from that restriction. Because,interfaces is assumed. The tensile stress in regigragd

in this case, a new source of strength is introduced, namelyhe shear stress irCJ are counted fully, whereas, of the

shear stresses in the collagen phase between the overlappiiggsile stress inB) and the shear stress iD), only appro-

mineral platelets,E’ can be increased without losing a priate fractions are counted. Using the principle that the

proportional amount ot/ ... Consequently, the maximum average number of collagen molecules within a given cross-

load, 07, iS increased well beyond the value of unminer- section of the fibril is not changed by mineralization (min-

alized collagen, as will be shown in the next section. eral replaces water within the fibril), the number of collagen
molecules within an ared(+ d)h in unmineralized colla-
gen will be approximately the same as within the dred
between the crystals in Fig. 4. Hence, the effective elastic

FIBRIL WITH STAGGERED MINERAL CRYSTALS modulus of collagen in regiong\f and @) of Fig. 4 isE ~

In this model, estimates of mechanical properties usind= (b + d)/b, whereas the appropriate shear modulus used in

extensions of the rule of mixture must fail because theegions €) and D), G = yE with y = 0.4. To derive the

behavior is now dominated by shear in the matrix. A morefelative elastic modulu€’, i.e., the elastic modulus of the

refined but still simple treatment is therefore presented here&somposite relative to the elastic modulus of unmineralized

which leads ultimately to a closed-form solution. For thecollagen, the sum of the forces generated in regid¥s (

sake of simplicity, we will, in the following, replace the (D), respectivelyF = F; + F, + F3 + F,, is normalized

rather nonlinear and anisotropic collagen by an “effective”dy the forceF. exerted on the same aréaby an equal

elastic medium with a Poisson’s ratio of= 0.25, as done amount of unmineralized collagen, given by

by (_)ther authors, e.g., Akiva et _al. (1998). F.=E.-(b+d)-h-A[(I + a)2]. 5)

Figure 4 shows an enlarged view of an elementary cell of
the staggered arrangement. In the longitudinal direction, the Thus, it is possible to compute the elastic modulus of the

d+b

Biophysical Journal 79(4) 1737-1746
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composite relative to the modulus of unmineralized collagercollagen was assumed to be equal to the maximum revers-
by ible tensile straing,,,. Because the total tensile strain of
) the composite is just&/(l + a), the normalized maximum
E'=FEE =F/F.=E, +E +E+E,, (6)  strain becomes

\r/g;f)reeclztilvteohllz:4 are the contributions from regiong)(to (D), er = [20M(1 + @)]/eS, = 2 Min{b, a2}(l + a).  (11)

A: Because the mineral platelets are assumed to be ineﬁnally,
tensible, the volume with cross-sectidh is strained from
lengtha/2 to a/2 + A, yielding

the (normalized) maximum stress,,,, iS deter-
mined as the product of the relative elastic modultisand
the maximum normalized straig,,, .,

E, = EdHA/(a/2)J/F. = d(I + a)/(ab). (7)

B: In this region, the tensile strain is distributed inhomo- CHOICE OF PARAMETERS AND LIMITS OF
geneously because regions immediately adjacent to minerdIHE MODEL
crystals do not experience any tensile strain, assuming
tight binding between mineral crystals and the adjacen

Cf”"?‘g‘?” moIecmilef. d‘fhetrrtlaforﬁ, ?t tltk:B bofulndary, thte the platelets, length and thicknesdd, and a and b, the
strain is concentrated in the short portion of length no distances between them, even whénis fixed. In the

a_ldjacent to the. ml_neral, whereas, in the center, the elongg; o-dimensional modetp is connected to the linear dimen-
tion can be distributed over the full length ¢ a)/2. sions as

Assuming a roughly linear increase of strain between these
extremes, the contribution from this region is ®(l + a)(b+d) =Id. (12)

Bbviously, the model proposed has a number of degrees of
%reedom in the choice of the parameters: the dimension of

E, = Ebh%[ZA/a + 2A/(a+ D]IF. = (2 + l/a)/2. (8)  The axial periodicity of the collagen structure with a period

of 67 nm (cf. Fig. 2) imposes the additional condition,
C: A slightly different subdivision is chosen to compute

the shear strain. Here a volume with cross-sedti{bn- a)/2 (I +a)/2=67nm. (13)

is sheared byA/b, and, as long ad - @) = 0, i.e., as long ) _ _
as there is any overlap of the mineral platelets, this resultd "€se two relations effectively leave two free parameters in
in the problem, which we take to lkandb.

There are, however, some conditions that limit the pos-
E; = Gh[(I — a)/2][A/b]/F, = y(I — a)(I + a)/(4b?). sible variation ofb andd. The limita = 0 corresponds to
(9) mineral platelets extending continuously along the full

D: In this region, we assume that the sheared volumeIength of the fibril. In such a casey,y is given by the

extends from the surface of one platelet toward the cent extensibility of the mineral alone, which has been set to 0

er. . . .
line of the next mineral, a distance df (- d/2), instead of (rr|g|d platelets)_ in the present approxmate_ ”'!O_de'- More-
. over, the elastic modulus would become infinite wah
only b as in volumeC. There are two such volumes con-

sidered, starting at the basic symmetry planes, bottom an%pproachlng the value 0. Then, from Eq. 12, follows

top, where the shear strain is zero, whereas, adjacent to the a>0=>di(b+ d) > . (14)
mineral, it isA/(b + d/2). Taking the mean value over the
cross-sectionha/2, leads to Second, whera becomes larger thalp there is no more
R staggering of the mineral particles (cf. Fig. 4) and layers of
E, = 2Gh(a/2);[A/(b + di2)J/F, unmineralized collagen appear in between layers of miner-
alized collagen, similar to the case depicted in Fig. 2
= ya(l + a)/[2b(2b + d)]. (10)  Hence, fora = I, the arrangement no longer corresponds to

the model of staggered mineral particles, and the method

The maximum permitted overall straigy,, ., (normalized . .
P Bnax used to estimate the mechanical parameters, Eqgs. 6-11,

I . . max A
m;h (I:tcs)r:/ ;lt?oenfogfuzgln:;?géi?ngogﬁgeﬂ“aaﬁgir?]w;r; a?r): offail_s. We therefore consider only the cas= |, which gives
collagen in any point (cf. Fig. 1). The individual strains (using Eq. 12)

within the volumesA-D are given in the text leading to Egs. a=1=dib+d) = 2. (15)
6-10. In particular, the largest tensile strain occurs in region

A, gonsiie = 2A/a. The largest shear strain occurs in regionFurthermore, some algebra shows that, in the staggered
C, &gnear= A/b. Hence, the maximum strain is obtained by model, one has the general expression,

setting MaX{eensilo Esheatl = Emax Where, in the absence of

experimental data, the maximum reversible shear strain of D =Py, = %cb (16)

Biophysical Journal 79(4) 1737-1746



1742

Whena = 0 or a = |, then the inequality becomes the
equality ®g,, = ®. The other limit,®,,, = Y2 P, is ob-
tained exactly for the situation depicted in Figd,2where
the mineral density in the gap is just twice that in the
overlap. Hence, as long as the overall mineral denbiig
smaller than 0.48, Eq. 3 is automatically fulfilled. Because
® = 0.6Pg,, + 0.4y, c05p EQ. 15 also implies that

gq) = cI)overlaps (1)! (17)
and Eqg. 1 is also automatically satisfied fér < 0.48.
Therefore, in the following, we only consider the case
whered = 0.48.

RESULTS

Typical results for a high degree of mineralizatioh &
0.42, roughly corresponding to fully mineralized bone) and
low mineralization ¢ = 0.15, mineralized tendon) are
shown in Figs. 5 and 6, respectively, assuming a typica
thickness for the mineral platelets= 3.5 nm, observed in

a number of tissues (see, e.g., Fratzl et al., 1996). The upper

graph shows the relative stiffness of the tis&igand the

axial spacing, a (nm)
70 60 50 40 30 20 10
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n

400 !
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y
lateral spacing, b (nm)

2 3

FIGURE 5 Results for the elastic modulis, the tensile and shear part
thereof, the maximum strairg;,,, and the maximum stressy,,,. All
primed values relative to the respective values of unmineralized collage
calculated for a mineralizatio® = 0.42 andd = 3.5 nm, versu®. The
limits denotedR, S andT correspond to the cases= |, a = 2b, anda =

0, respectively.
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axial spacing, a (nm)
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lateral spacing, b (hm)

FIGURE 6 Same as Fig. 5, but calculateddor= 0.15 andd = 3.5 nm,
versusb.

contributions due to shedg; + E, (Egs. 9 and 10) and to
tensile strainE, + E, (Eqs. 7 and 8). The central graph
gives the maximum strairg/,,,, and the lowest one the
maximum stressy;,,.. (all quantities being normalized with
respect to unmineralized collagen). These values are plotted
as functions of the spacing between mineral platelets,
From Egs. 12 and 13, it can be seen that, for fidedndd,
varying b implies varying botha and |. Corresponding
values ofa are shown in Figs. 5 andtep, and the platelet
length,l, is given bya through Eq. 13. It is clearly apparent
in both Figs. 5 and 6 that the behavior at small average
spacing between crystals is dominated by shear of the
collagen matrix, whereas, for a larger spacing, it is domi-
nated by tensile strains. The boundary between these types
of behavior is the line labeled S, where shear and tensile
strains in the collagen matrix are just equal, thatis; 2b
according to Eq. 11. The limits T and R correspond to the
inequalities 0< aanda = | (Egs. 14 and 15, respectively).
Accordingly, &/, and oy, correspond to shear failure
between R and S and to tensile failure between S and T.
The steep decrease gf,, and o}, from S to T and the
sharp increase &' in the same region are connected to the

"tact that, here, the longitudinal distance between platedets,

decreases sharply. At the limit af= 0 (line T), one would
have continuous mineral ribbons across the full length of the
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fibril and the behavior would be dominated by the proper-
ties of the mineral (that is, extremely large stiffness, van-
ishing extensibility).

For a smaller lateral spacing between mineral platelets
(region between R and S) the behavior is completely dom-
inated by shearing of the collagen matrix. This is true not
only for g/, and o}, but also for the stiffness, where the
shear contribution is by far dominating (particularly at
higher mineral densities, Fig. 5). In this regiari,., is only
weakly dependent on the spacirg,and also the stiffness
varies more gradually. Typically, the stiffness is largest for
the smallest possible. In the case of high mineral density
(Fig. 5), the lowest value db (at the limit R) is somewhat
unrealistically small. Indeed, considering the number of
collagen molecules that have to be present between the
platelets (see Fig. &), and squeezing them to the smallest
possible volume (corresponding to a lateral spacing between
molecules as in fully dry collagen) a spacing no smaller than
b.in = 1.6 nm can be obtained. Hence, we expect that the
largest relative stiffness to be obtained with= 0.42 (Fig.

5) would be~300 (forb = b,,,,) together with a relative
tensile stress of about 6. Similar values for the stiffness
could also be obtained with a configuration where tensile
strains in the matrix dominate (larger lateral spacimdyut
very small axial spacing), however, at the cost of a much
smaller tensile stress!

At the lower mineral densityp = 0.15 (Fig. 6), the b (nm)
dependence on the spacing between crystals is generally
weaker, and one can expdetbetween 10 and 15 ang],, ., FIGURE 7 Contour plots of the elastic modulug;, the maximum
around 2. Only when the axial spacing decreases to zero ( traiq,ggnax and the maximum stress;, ., for a mineralizationd = 0.42.
the stiffness increases but at the cost of a decreasg, ip he limits denotec®, S andT correspond to the cases- I, a = 2b, and

. a = 0, respectively. The valué = 3.5 nm used in Fig. 5 is indicated by
To get a more complete picture, we have also plotted th@,e horizontal dotted line.
same data as in Figs. 5 and 6 for different values of the
crystal thicknessd. The convention is here to plot contour
lines with the same value &, &/,,, ando,.« (Fig. 7and  the S line are more similar, so an equipartition of strain
8). For a fixed volume fraction of minerafp, only two  combined with a near-equipartition of stress between shear
parameters remain in the model, given the relations in Egsand tension leads to a different behavioragf,,: the max-
12 and 13. Hence, each of Figs. 7 and 8 explores the fuimum tensile stressgy,,, has a pronounced maximum
parameter space of the model fbr= 0.42 and® = 0.15, along S, where the permitted strait},,,, is largest, increas-
respectively. ing with decreasingl, but at medium values dd.

At ® = 0.42 (Fig. 7,top) one can see that the maximum  In conclusion, we observe that the stiffness can increase
of E’ always appears at the smallestout the dependence by reducing either the lateral spaciry, or the axial dis-
on b is ambivalent: starting from the minimum approxi- tance,a, between crystals. However, only the first of the
mately at the S line, one can increase the elastic modulusvo possibilities also leads to an increase in fracture stress
either by enlarging or by decreasibgDecreasind means as found in experiments on tendon and bone.
larger shear stress in the collagen matrix. Increasini
gpntrast, corresponds to a decrease of the spaainas DISCUSSION

iscussed above, and always leads to extremely small max-
imum tensile stresses (between lines S and T in the loweln mechanical models for mineralized collagen fibrils, it is
part of Fig. 7). not sufficient to consider only the stiffness of the tissue.

E’ and e/, for & = 0.15 (Fig. 8), at first glance, look Indeed, fracture strain and fracture stress are important
rather similar to the case above, the lower absolute values aharacteristics and are likely to decrease when the stiffness
E’ compared to Fig. 7 are, of course, due to the lesser degreg increased by mineralization. Here we have studied a
of mineralization, likewise the larger absolute values ofmodel with a staggered arrangement of mineral particles
&max BUt NOw the tensile and shear stress components alorgjstributed unequally in the gap and the overlap zone of the
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5 - correspond to a failure load much smaller than found
: experimentally.

4 - 2. When, instead, the lateral spacinglecreases, the me-

chanical behavior starts to be dominated by shear of the

3 4 collagen matrix in the layers between crystals staggered

laterally. The model calculations show, in this case, that

2 both the stiffness and the fracture load may increase

significantly with mineralization and ultimately describe

1 the typical experiment data for bone (Table 1).

4- In previous models (Wagner and Weiner, 1992; Akiva et
€ | al., 1998), parallel arrays of mineral platelets were assumed
£ 3 inside the fibrils. This leads to a succession of mineralized
© f and unmineralized layers along the fibrils. To achieve a

2 stiffness corresponding to the values found in bone, an

‘ | | extremely small axial spacing (about one Angstrom) had to

L B A " be assumed between the mineral layers. Such a value is

; , . unrealistic given the typical thickness of collagen mole-
41 A ; cules. Moreover, the situation in such a Voigt—Reuss model
. ot ‘ corresponds roughly to case 1, in that the fracture load

3- - cannot exceed the one of unmineralized collagen. Clearly,

; , ‘ the staggered model studied in the present paper is superior

21 o max : in describing the properties of bone tissue.

; Interestingly, our model is also able to predict accurately

1 (’) - 20 """"""" é 0 the mechanical data for mineralized turkey leg tendon (Lan-

dis et al., 1995), when choosing the appropriate mineral
density® = 0.15 and a typical thickness of mineral crystals
FIGURE 8 Same as Fig. 7, but fdr = 0.15. The valuel = 3.5 nm used d = 3.5 nm. The model then predl(ﬁ - 10_15’_8;““ =~
in Fig. 6 is indicated by the horizontal dotted line. 0.2 andoy,.« =~ 2, for any reasonable value of in good
agreement with the data in Table 1.
Table 1 also gives numerical values for deer antler (Cur-

o ] ) ) ) rey, 1984). This tissue has a slightly lower degree of min-
fibrils. This structure is not only consistent with recent 5 aii-ation than boned{ = 0.38), but a much smaller

models for the packing of collagen mplepules within fibrils gtiffness. Again, this can be reproduced easily within the
(Hulmes et gl., 1995), but has also qu'te Interesting meChaﬁ?amework of our model. This may be seen in Fig. 5 (drawn
ical properties. Due to the staggering, the collagen matrix, . ¢ — 0.42), which would not be much different fdr =

feels tensile as well as shear stresses. 0.38. One can see that the stiffness is dramatically reduced

de\é\g:&z(;')éednxglurggzﬁgfsn §§|ml?;ri§)é;?e|??ﬁeel|;era ut the fracture strain at the same time increased, visien
. y P4 Y, mpee, chosen at the S position rather than as small as possible. The
spacing between mineral platelebs,and their axial spac-

values read in Fig. 5 for the stiffness at S are not far from
Shose reported in the literature for deer antler (Table 1).

tissue (for given mineral content) increases when eithe S
) R ence, one may speculate that the optimization of fracture
spacing,b or a, decreases. The implications of these two

cases are, however, extremely different, particularly at Iargg’tr:f;'r: trﬁt:etr ttr)‘ a: s?ftnes?vn:]a\)// Ile?: tfcr) atitlisufemcilr?srerl o
d (e.g., = 0.42, which roughly corresponds to bone): antler than to bone (for a given volume fraction o eral).

This difference would be achieved by a somewhat larger

1. When the axial spacing, decreases, the behavior is lateral spacing of the crystals corresponding to the S point
dominated by tensile stress in the collagen layer betweefFig. 5), where the maximum tensile and shear strains
the column of crystals in axial direction of the fibril. Itis appearing in the collagen matrix would just be equal.
clear that the stiffness increases when this layer de- Finally, data for bulla (Currey, 1984) are also included in
creases in thickness. The failure load of the mineralizedrable 1. These rather small bones have a mineral volume
fibril will, however, be dictated by the failure of the fraction of & = 0.72, which is well beyond the limits
collagen layer in between the crystals. The model calcupermitted in our model (Egs. 1 and 3). Therefore, it must be
lations (see Fig. 5) show clearly that a stiffness corre-assumed that part of the mineralization is found outside the
sponding to the values found in bone (see Table 1) wouldibrils where its contribution to the mechanical properties is

b (nm)
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difficult to estimate. The high elastic modulgs~ 630 (see APPENDIX: THE SERIAL-PARALLEL
Table 1) can be reproduced using the present model evWOIGT-REUSS) MODEL

assuming an intra-fibrillar mineralization of ony = 0.48 It is well known that the properties of collagen—mineral composites like

simply by choosing = by, = 1.6 nm (in the absence of tengon and bone lie between the limiting cases of the Voigt (or parallel)
any measurements of mineral platelet dimensions for thiand the Reuss (or serial) models (Currey, 1984). If we denote the volume
rather special tissue, this assumption may be true) but thdpction of mineral by®, then, for the parallel model, Young’s modulus is
bothb andd are at their respective minimum values, and incomposed from the moduli of the constituents collagen (index coll) and
. . . ! " “mineral (index min):
addition,a is rather small, so that, for this case, the assump-
tion of rigid platelets is no longer valid. Hence, for this case, Eparatiet = Emin® + Ecai(1 — @), (A1)
other mechanisms for increasing the stiffness must be invoked., . s - .
i ) . . ~ While the strains in mineral and collagen are identical and therefore limited
One of the main results is also that the stiffest tissue i,y the more brittie component, i.e., the mineral,
obtained for the thinnest possible crystals spaced laterally as
tightly as possible. This corresponds well to the experimen- Emax, parallel — Emax, min- (A2)
tal observation that bone crystals are extremely thin with & the serial model, the compliances (the reciprocal values of the moduli)
width of only a few nanometers (Fratzl et al., 1992, 1996).are additive,
What may seem surprising, however, is that this thickness is
usually found to increase during bone maturation (Fratzl et
al., 1991; Rinnerthaler et al., 1999). However, this does notvhile the stresses are identical and therefore limited by the weaker phase,
mean a reduction of stiffness during maturation. On thehe collagen,
contrary, if the number density of crystals is fixed for a
given tissue, e.g., by the density of nucleation centers for the
crystals (Glimcher, 1987), them + d is constant, and any The maximum strain here is simply given by
increase ind leads to an increase i, as visible, e.g., in
Fig. 7.
Despite these encouraging results of the comparison be- A series combination of layers of parallel platelets and layers of un-
- . . ::mineralized collagen (index sp), as used, e.g., by Akiva et al. (1998), with
tween model calcula'\tlons and experiment data, the agmﬂavolume fraction of the reinforced phagethen yields
cance of the numerical agreement should not be overesti-

mated. First, data from mechanical experiments are reportedEsy PE, + (1 — P)Ey

l/Eserial = 1/Eminq) + 1/Ecoll(1 - CI))' (A3)

Omax,serial— Omax, coll- (A4)

Emax,serial — o-max,seriJEserial- (A5)

for the entire tissue, which has a complex hierarchicalEy,, BEsy + (1 — B)[PEqmiy + (1 — ®)Ecoi]” (A6)
structure and where the mineralized fibrils are only a motifBecauseEc o et

used for building higher-order elements (e.g., lamellae) ol=min ’

(Weiner and Wagner, 1998). Second, our calculations were Esp D+ e(l—-D)

done assuming the mineral platelets to have an infinite Econ - Be + (1— B[P + (1 — D)] (A7)
stiffness. In view of the elastic modulus of hydroxyapatite

being at least three orders of magnitude larger than that g2" be expanded yielding (as long &s=>> )

collagen, this seems to be quite natural. As long as neither Esp 1

spacinga or b, approaches zero, the approximation remains Eo = m (A8)

valid. The limit whena = 0 or b = 0, however, leads to
infinite stiffness, which is, of course, unreasonable. Third, Therefore, it can be seen that, in this case, arbitrary increasegdan
our model is explored with very rough approximations of theeaS|Iy be achieved by choosmg a suitably smaII_thlckness of the unrein-
. . . . . forced collagen layer, - B. This is exactly the gist of the Akiva et al.
actual mechanical behavior and is only two-dimensional.  (1998) model, usingi = 0.1 nm thin layers of unmineralized between
Nevertheless, we believe that our numerical study haso nm layers of platelet-reinforced collagen. By using the unphysically
shown that a Staggered arrangement of mineral partides iginall value ofu (about the diameter of a single atom of hydrogen!) their
AT . - . model yieldsE ,mposie= 33-4Ecqn, Which is well enough if we accept the
the fibrils is mechanically superior to a strictly parallel authors’ data oE.,, = 1.5 Gpa, but not enough if we use the value derived
arraqgement. Moreover, the model predicts the dependen@,%m Landis et al. (1995)., = 50 Mpa= 0.050 Gpa (cf. Table 1). The
of stiffness and fracture load on the volume fraction anduse of the models of Padawer and Beecher (1970) or Lusis et al. (1973) is
spacing of mineral particles, which is in reasonable agreeespecially inappropriate in this context, b_ecause the_ formulqe_ given by
ment with experimental data. A refinement of the modelthese authors do not even contain the all-important 'd|starmqol|c.|tl.y.
. . . Although the so-calculated values fBE,mp0sieMay just be sufficient,
would r(_aquwg a three-dlmensmnal treatment of thg problemye main shortcoming of this model is:
(as outlined in Fig. 3) and more accurate numerical com-
putations using, e.g., finite element methods. Finally, of  9maxcomposite™ Omaxcoll  Emax composite— 0.00% max coll
course, the influence of higher hierarchical bone structureggy e AN, are far too low compared to Table 1, depicting a very

(e.g., lamellae, osteons, etc.) needs to be considered. weak and brittle substance. In this model, the platelets clearly act as stress
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concentrators, whereas the deformation is limited to the narrow region of.andis, W. J., K. J. Hodgens, J. Arena, M.-J. Song, and B. F. McEwen.

matrix in between, across the axis of tension. 1996. Structural relations between collagen and mineral in bone by high
voltage electron microscopic tomographylicrosc. Res. Tech33:
192-202.
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